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Abstract
Fusion frames and g-frames were considered recently as generalizations of frames in Hilbert spaces, in this paper we generalize
some of the known results in frame theory to fusion frames and g-frames. We obtain new g-frames by considering g-frames for its
components. We also obtain some results about alternate dual g-frames, excess of g-frames and stability of g-frames under small
perturbations.
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1. Introduction
Frames for Hilbert spaces were first introduced by Duffin and Schaeffer [9] in 1952 to study some problems in
nonharmonic Fourier series, reintroduced in 1986 by Daubechies, Grossmann and Meyer [8] and popularized from
then on. Frames are generalizations of orthonormal bases in Hilbert spaces. A frame as well as an orthonormal basis
allows each element in the underlying Hilbert space to be written as an unconditionally convergent infinite linear
combination of the frame elements; however, in contrast to the situation for a basis, the coefficient might not be
unique. Nice properties of frames make them very useful in characterization of function spaces and other fields of
applications such as filter bank theory [3], sigma–delta quantization [2], signal and image processing [4] and wireless
communications [11].
In [12] Wenchang Sun introduced a generalization of frames and showed that this includes more other cases of
generalizations of frame concept and proved that many basic properties can be derived within this more general
context.
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a g-frame and we generalize some of the known results in frame theory to fusion frames and g-frames. In Section 3
we consider the excess of g-frames and we show that the removal of an operator from a g-frame leaves a g-frame or
an incomplete family, and in Section 4 we study the stability of g-frames under small perturbations.
Throughout this paper, U and V are two Hilbert spaces and {Vi : i ∈ I } is a sequence of closed subspaces of V
where I is a subset of Z (integer numbers) and L(U,Vi) is the collection of all bounded linear operators from U
into Vi . Now we recall some definitions.
Definition 1.1. We call {Λi ∈ L(U,Vi): i ∈ I } a generalized frame, or simply a g-frame, for U with respect to
{Vi : i ∈ I } if there are two positive constants A and B such that
A‖f ‖2 
∑
i∈I
‖Λif ‖2  B‖f ‖2, ∀f ∈ U.
We call A and B the lower and upper frame bounds, respectively. In this case we say that {Λi ∈ L(U,Vi): i ∈ I } is an
(A,B)-g-frame, for convenience.
We call {Λi}i∈I a λ-tight g-frame if A = B = λ and we call it a Parseval g-frame if A = B = 1. If we have only
the second inequality, we call it a Bessel g-sequence. In [12] the g-frame operator SΛ is defined as follows:
SΛf =
∑
i∈I
Λ∗i Λif, ∀f ∈ U,
which is a bounded, self-adjoint, positive and invertible operator and
A ‖SΛ‖ B.
The canonical dual g-frame for {Λi}i∈I is defined by {Λ˜i}i∈I where Λ˜i = ΛiS−1Λ which is also a g-frame for U with
1
B
and 1
A
as its lower and upper frame bounds, respectively. Also we have
f =
∑
i∈I
Λ∗i Λ˜if =
∑
i∈I
Λ˜∗i Λif, ∀f ∈ U. (1)
Now define(∑
i∈I
⊕Vi
)
2
:=
{
{fi}i∈I
∣∣∣ fi ∈ Vi, ∥∥{fi}i∈I∥∥22 =∑
i∈I
‖fi‖2 < ∞
}
,
with pointwise operations and inner product as〈{fi}i∈I , {gi}i∈I 〉=∑
i∈I
〈fi, gi〉.
We define the synthesis operator for a Bessel g-sequence {Λi}i∈I as follows
TΛ :
(∑
i∈I
⊕Vi
)
2
→ U, TΛ
({fi}i∈I )=∑
i∈I
Λ∗i fi .
This series converges unconditionally in the norm of U . (The elements of a Bessel g-sequence are uniformly bounded
above in norm, specially, ‖Λi‖ 
√
B .) It is easy to show that the analysis operator is the adjoint operator of TΛ as
follows
T ∗Λ : U →
(∑
i∈I
⊕Vi
)
2
with T ∗Λ(f ) = {Λif }i∈I .
Hence we have SΛ = TΛT ∗Λ.
We recall that a family {Λi ∈ L(U,Vi): i ∈ I } of bounded operators is called g-complete if {f : Λif = 0,
i ∈ I } = {0}. It is easy to see that every g-frame is a g-complete family.
The relation between a g-frame and the associated analysis and synthesis operators is as usual. The next proposition
is the analog of Theorem 3.12 in [5].
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(1) {Λi ∈ L(U,Vi): i ∈ I } is an (A,B)-g-frame.
(2) The synthesis operator TΛ is bounded, linear and onto.
(3) The analysis operator T ∗Λ is bounded and one-to-one (
√
A ‖T ∗Λ‖
√
B ).
Proof. Since ‖T ∗Λf ‖2 =
∑
i∈I‖Λif ‖2, (1) and (3) are equivalent. (2) and (3) are equivalent for each operator on a
Hilbert space U . 
Definition 1.3. Let {Vi}i∈I be a family of closed subspaces of a Hilbert space V . Let {αi}i∈I be a family of weights,
i.e., αi > 0 for all i ∈ I . Then V = {(Vi, αi)}i∈I is a fusion frame, if there exist constants 0 < C D < ∞ such that
C‖f ‖2 
∑
i∈I
α2i
∥∥πVi (f )∥∥2 D‖f ‖2, ∀f ∈ V,
where πVi is the orthogonal projection onto the subspace Vi . We call C and D the lower and upper fusion frame
bounds, respectively. In this case we say that {Vi}i∈I is a (C,D)-fusion for V . We call V a λ-tight fusion frame if
C = D = λ and a Parseval fusion frame if C = D = 1. If we have only the second inequality, we call V a Bessel fusion
sequence. Moreover, we call it α-uniform if α = αi for all i ∈ I . As we have in [6] the fusion frame operator SV is
defined by
SV (f ) =
∑
i∈I
α2i πVi f, ∀f ∈ V.
SV is a positive and invertible operator and we have
C IdV  SV D IdV , (2)
hence
1
D
IdV  S−1V 
1
C
IdV . (3)
In [6] and [10] the canonical dual fusion frame for V is defined by {(S−1V Vi,αi)}. Alternate dual fusion frames were
introduced in [10].
2. Constructing new g-frames
In this section we generalize some results about frames to g-frames and fusion frames. We consider a (Ci,Di)-
fusion frame {(Wij , αij )}j∈Ji for each Vi in a g-frame {Λi ∈ L(U,Vi): i ∈ I }, such that
0 < C = infCi  supDi = D < ∞.
In this case we say that {(Wij , αij )}j∈Ji is (C,D)-bounded for all i ∈ I .
Theorem 2.8 in [1] leads us to the following result.
Proposition 2.1. Let {Λi ∈ L(U,Vi): i ∈ I } be an (A,B)-g-frame and {Γi ∈ L(U,Vi): i ∈ I } be a g-complete family
of bounded operators. If Φ : U → U defined by
Φ(f ) =
∑
i∈I
Γ ∗i Γif − Λ∗i Λif, ∀f ∈ U,
is a compact operator, then {Γi ∈ L(U,Vi): i ∈ I } is a g-frame for U .
Proof. Let T : U → U be an operator defined by T = SΛ + Φ . Since Φ is bounded and self-adjoint, a simple
computation shows that T is a bounded, linear and self-adjoint operator. Now for all f ∈ U we have
‖Tf ‖ = ‖SΛf + Φf ‖ ‖SΛf ‖ + ‖Φf ‖
(
B + ‖Φ‖)‖f ‖.
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i∈I
‖Γif ‖2 = 〈Tf,f 〉
(
B + ‖Φ‖)‖f ‖2.
On the other hand since Φ is a compact operator, ΦS−1Λ is also a compact operator on U . Therefore as we see in
[1, Theorem 2.8] T has closed range. Now we show that T is injective. Let f be an element of U such that Tf = 0,
then ∑
i∈I
‖Γif ‖2 = 〈Tf,f 〉 = 0.
Hence Γif = 0 for each i ∈ I . Since {Γi ∈ L(U,Vi): i ∈ I } is g-complete, we have f = 0. Furthermore, we have
Range(T ) = (N(T ∗))⊥ = N(T )⊥ = U.
Hence T is onto and therefore invertible on U . Now similar to the proof of Theorem 2.8 of [1] we have∑
i∈I
‖Γif ‖2 
(
B + ‖Φ‖)−1∥∥T −1∥∥−2‖f ‖2. 
Our next result is a generalization of Theorem 3.3 of [6].
Theorem 2.2. Let {Λi ∈ L(U,Vi): i ∈ I } be a family of bounded operators and let {Γij ∈ L(Vi,Wij ): j ∈ Ji} be a
(Ci,Di)-g-frame for each Vi and suppose that they are (C,D)-bounded. Then the following conditions are equivalent.
(i) {Λi ∈ L(U,Vi): i ∈ I } is a g-frame for U .
(ii) {ΓijΛi ∈ L(U,Wij ): i ∈ I, j ∈ Ji} is a g-frame for U .
Proof. (i) → (ii)
Let {Λi ∈ L(U,Vi): i ∈ I } be an (A,B)-g-frame. Then for all f ∈ U we have∑
i∈I
∑
j∈Ji
‖ΓijΛif ‖2 
∑
i∈I
Di‖Λif ‖2 DB‖f ‖2.
Also we have∑
i∈I
∑
j∈Ji
‖ΓijΛif ‖2 
∑
i∈I
Ci‖Λif ‖2  CA‖f ‖2.
(ii) → (i)
Let {ΓijΛi ∈ L(U,Wij ): i ∈ I, j ∈ Ji} be an (A,B)-g-frame. Since Λif ∈ Vi , we have∑
i∈I
‖Λif ‖2 
∑
i∈I
1
Ci
∑
j∈Ji
‖ΓijΛif ‖2  B
C
‖f ‖2.
Also ∑
i∈I
‖Λif ‖2 
∑
i∈I
1
Di
∑
j∈Ji
‖ΓijΛif ‖2  A
D
‖f ‖2. 
Now we consider fusion frames instead of (Ci,Di)-g-frames and we have the next corollary.
Corollary 2.3. Let {Λi ∈ L(U,Vi): i ∈ I } be a family of bounded operators and let {(Wij , αij )}j∈Ji be a (Ci,Di)-
fusion frame for each Vi and suppose that they are (C,D)-bounded. Then the following conditions are equivalent.
(i) {Λi}i∈I is a g-frame for U with respect to {Vi}i∈I .
(ii) {αijπWij Λi}i∈I,j∈Ji is a g-frame for U with respect to {Wij }i∈I,j∈Ji .
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It is easy to see that if Vi is a Parseval fusion frame for Vi for all i ∈ I , then g-frame bounds for {Λi}i∈I and
{αijπWij Λi}i∈I,j∈Ji are the same.
Corollary 2.4. Let {Λi ∈ L(U,Vi): i ∈ I } be an (A,B)-g-frame with canonical dual g-frame {Λ˜i}i∈I . Then
{αijπWij Λ˜i ∈ L(U,Wi): i ∈ I } is also a (CB , DA )-g-frame.
Proof. We have seen that (Definition 1.1) the lower and upper g-frame bounds of the canonical dual g-frame for
{Λi}i∈I are 1B and 1A , respectively. So the previous theorem gives the result. 
Proposition 2.5. Let {Λi ∈ L(U,Vi): i ∈ I } be a g-frame for U with g-frame operator SΛ and canonical dual g-
frame {Λ˜i}i∈I . Suppose that Vi = {(Wij , αij )}j∈Ji is a Parseval fusion frame for Vi for each i ∈ I . Then we have
S = SΛ, where S is the g-frame operator for {αijπWij Λi}i∈I,j∈Ji . Also {αijπWij Λi}i∈I,j∈Ji and {αijπWij Λ˜i}i∈I,j∈Ji
are canonical dual g-frames with respect to each other.
Proof. Let f be an arbitrary element of U . Then we have
Sf =
∑
i,j
(αijπWij Λi)
∗(αijπWij Λi)f =
∑
i∈I
∑
j∈Ji
α2ijΛ
∗
i πWij Λif
=
∑
i∈I
Λ∗i
∑
j∈Ji
α2ij πWij (Λif ) =
∑
i∈I
Λ∗i (Λif ) = SΛf,
because, if Vi is a Parseval fusion frame, then the fusion frame operator SVi is equal to the IdVi for each i ∈ I .
Now by the hypothesis and (1) for every f ∈ U we have∑
i∈I
∑
j∈Ji
(αijπWij Λi)
∗(αijπWij Λ˜i)f =
∑
i∈I
Λ∗i
∑
j∈Ji
α2ij πWij Λ˜if =
∑
i∈I
Λ∗i Λ˜if = f.
Similarly we have∑
i∈I
∑
j∈Ji
(αijπWij Λ˜i)
∗(αijπWij Λi)f = f.
On the other hand we have S = SΛ. Hence
˜αijπWij Λi = αijπWij ΛiS−1 = αijπWij ΛiS−1Λ = αijπWij Λ˜i . 
We recall that a family of bounded operators {Ti}i∈I on a Hilbert space U is called a resolution of the identity on U
if we have
f =
∑
i∈I
Tif, ∀f ∈ U,
where the series converges unconditionally for all f ∈ U .
Corollary 2.6. Let Vi be a Parseval fusion frame for Vi for all i ∈ I . Then the family {α2ijΛ∗i πWij Λ˜i : i ∈ I, j ∈ Ji} of
bounded operators is a resolution of the identity.
Proof. For all f ∈ U by using the above proposition we have
f =
∑
i∈I
∑
j∈Ji
(αijπWij Λi)
∗(αijπWij Λ˜i)f =
∑
i∈I
∑
j∈Ji
α2ijΛ
∗
i πWij Λ˜if. 
Another version of these cases is as follows.
Proposition 2.7. Let {(Vi, αi)}i∈I be an (A,B)-fusion frame for U . Let {Λij ∈ L(Vi,Wij ): j ∈ Ji} be a (Ci,Di)-g-
frame for each Vi , which are (C,D)-bounded. Then {αiΛijπVi ∈ L(U,Wij ): i ∈ I, j ∈ Ji} is an (AC,BD)-g-frame.
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i∈I
∑
j∈Ji
‖αiΛijπVi f ‖2 
∑
i∈I
Di‖αiπVi f ‖2 D
∑
i∈I
α2i ‖πVi f ‖2 DB‖f ‖2.
Similarly we have AC‖f ‖2 ∑i,j ‖αiΛijπVi f ‖2. 
Alternate dual frames are very important in the literature of frame theory because of their important role in appli-
cations. So we give some generalizations of this concept.
In [10] Ga˘vrut¸a obtained a reconstruction formula on a Hilbert space U as follows
f =
∑
i∈I
α2i πS−1V Vi
S−1V πVi (f ), ∀f ∈ U,
where V = {(Vi, αi)}i∈I is a fusion frame for U and defined alternate dual fusion frames as follows.
Definition 2.8. Let V = {(Vi, αi)}i∈I be a fusion frame for a Hilbert space U , with fusion frame operator SV . Let
W = {(Wi,βi)}i∈I be a Bessel fusion sequence for U . Then W is called an alternate dual of V if we have the
following reconstruction formula.
f =
∑
i∈I
αiβiπWi S
−1
V πVi (f ), ∀f ∈ U. (4)
Hence the canonical dual fusion frame is an alternate dual fusion frame. Also by [10] alternate dual fusion frames
are fusion frames. The frame operator for a pair of Bessel fusion sequences is also defined in [10] as follows.
Let V = {(Vi, αi)}i∈I andW = {(Wi,βi)}i∈I be two Bessel fusion sequences for a Hilbert space U . Then the frame
operator for them is defined by
SVWf =
∑
i∈I
αiβiπViπWi f, ∀f ∈ U,
which is bounded and
S∗VW = SWV . (5)
For this operator we have the following result.
Proposition 2.9. Let V = {(Vi, αi)}i∈I be a fusion frame with fusion frame bounds C and D and fusion frame operator
SV for a Hilbert space U . Let W = {(Wi,βi)}i∈I be an alternate dual fusion frame for V with required positivity.
Then we have
C IdU  SWV D IdU ,
and also SWV is invertible.
Proof. Let f be an arbitrary element of U . Then we have
‖f ‖2 = 〈f,f 〉 =
〈∑
i∈I
αiβiπWi S
−1
V πVi (f ), f
〉
by (4)
=
∑
i∈I
αiβi
〈
S−1V πVi (f ),πWif
〉
 1
C
∑
i∈I
αiβi
〈
πVi (f ),πWif
〉
by (3)
= 1
C
〈∑
i∈I
αiβiπWiπVi (f ), f
〉
= 1
C
〈SWVf,f 〉.
Similarly we have 〈SWVf,f 〉D‖f ‖2. Hence SWV is injective, SWVU is closed in U and by (5), SVW is also
injective. Let g ∈ U be such that
〈SWVf,g〉 = 0, ∀f ∈ U.
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Hence SWV is surjective and consequently, SWV is invertible. On the other hand since C IdU  SVW D IdU , we
have
1
D

∥∥S−1VW∥∥ 1C .  (6)
Remark. By this proposition we have the following reconstruction formulas:
f =
∑
i∈I
αiβiπViπWi S
−1
VWf =
∑
i∈I
αiβiS
−1
VWπViπWi f (7)
and
f =
∑
i∈I
αiβiS
−1
WVπWiπVi f =
∑
i∈I
αiβiπWiπVi S
−1
WVf (8)
for all f ∈ U . Therefore two families of bounded operators {αiβiπViπWi S−1VW }i∈I and {αiβiS−1VWπViπWi }i∈I and the
families of their adjoints are resolutions of the identity.
Now we define the alternate duality concept in g-frames.
Definition 2.10. Let {Λi ∈ L(U,Vi): i ∈ I } and {Γi ∈ L(U,Wi): i ∈ I } be Bessel g-sequences with respect to the
family {Vi}i∈I and {Wi}i∈I of closed subspaces of a Hilbert space V , respectively. By considering each Λi and Γi as
a bounded linear operator from U to V , we can define the g-frame operator for this pair of Bessel g-sequences as
follows
SΓΛ(f ) =
∑
i∈I
Γ ∗i Λi(f ), ∀f ∈ U.
It is well defined, because for every finite subset J of I we have∥∥∥∥∑
i∈J
Γ ∗i Λi(f )
∥∥∥∥= sup
g∈U,‖g‖=1
∣∣∣∣
〈∑
i∈J
Γ ∗i Λi(f ), g
〉∣∣∣∣= sup
g∈U,‖g‖=1
∣∣∣∣∑
i∈J
〈
Λi(f ),Γig
〉∣∣∣∣
 sup
g∈U,‖g‖=1
(∑
i∈J
∥∥Λi(f )∥∥2
) 1
2
(∑
i∈J
∥∥Γi(g)∥∥2
) 1
2

√
D
(∑
i∈J
∥∥Λi(f )∥∥2
) 1
2
,
and
∑
i∈I‖Λi(f )‖2 is convergent. Moreover
‖SΓΛf ‖
√
D
(∑
i∈I
‖Λif ‖2
) 1
2

√
B
√
D‖f ‖.
Hence ‖SΓΛ‖ 
√
BD. We also note that SΛ
 = SΛ and S∗ΛΓ = SΓ Λ. We say that {Γi}i∈I is an alternate g-frame
for {Λi}i∈I if we have SΓ Λ = IdU and so the canonical dual g-frame of a g-frame is an alternate g-frame of it and it
follows from the following lemma that {Γi}i∈I is an alternate g-frame of {Λi}i∈I if and only if {Λi}i∈I is an alternate
dual of {Γi}i∈I .
Lemma 2.11. Let {Λi ∈ L(U,Vi): i ∈ I } and {Γi ∈ L(U,Wi): i ∈ I } be Bessel g-sequences as mentioned above. If
SΓΛ is bounded below, then both of these Bessel g-sequences are g-frames.
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λ‖f ‖ ‖SΓΛf ‖,
then we have
λ‖f ‖ ‖SΓΛf ‖ = sup
g∈U,‖g‖=1
∣∣∣∣
〈∑
i∈I
Γ ∗i Λi(f ), g
〉∣∣∣∣ sup
g∈U,‖g‖=1
(∑
i∈I
∥∥Λi(f )∥∥2
) 1
2
(∑
i∈I
∥∥Γi(g)∥∥2
) 1
2

√
D
(∑
i∈I
∥∥Λi(f )∥∥2
) 1
2
.
Hence(
λ2
D
)
‖f ‖2 
∑
i∈I
∥∥Λi(f )∥∥2.
On the other hand since S∗Γ Λ = SΛΓ , we can say that SΛΓ is also bounded below. So by the above result {Γi ∈
L(U,Vi): i ∈ I } is also a g-frame. 
Proposition 2.12. Let {Λi ∈ L(U,Vi): i ∈ I } be a g-frame. Then for each alternate dual g-frame {Γi ∈ L(U,Wi):
i ∈ I } of it we have∑
i∈I
‖Λ˜if ‖2 
∑
i∈I
‖Γif ‖2, ∀f ∈ U.
Proof. Let f be an arbitrary element of U . By the same techniques of Lemma 2.1 in [12] we have∑
i∈I
‖Γif ‖2 =
∑
i∈I
‖Λ˜if ‖2 +
∑
i∈I
‖Γif − Λ˜if ‖2.
Hence∑
i∈I
‖Λ˜if ‖2 
∑
i∈I
‖Γif ‖2. 
Lemma 2.13. Let {Λi ∈ L(U,Vi): i ∈ I } be an (A,B)-g-frame, and let Ti ∈ L(Vi) be a bounded invertible operator
and suppose that
0 < m = inf
i∈I
1
‖T −1i ‖
 sup
i∈I
‖Ti‖ = M < ∞.
If T ∈ L(U) and Γi = TiΛiT ∈ L(U,Vi) for each i ∈ I , then {Γi ∈ L(U,Vi): i ∈ I } is a (m‖T −1‖−1
√
A,
M‖T ‖√B )-g-frame.
Proof. Let f be an arbitrary element of U . Then we have∑
i∈I
‖Γif ‖2 =
∑
i∈I
∥∥Ti(ΛiTf )∥∥2 ∑
i∈I
1
‖T −1i ‖2
∥∥Λi(Tf )∥∥2 m2A‖Tf ‖2 m2A∥∥T −1∥∥−2‖f ‖2.
Similarly we have
∑
i∈I‖Γif ‖2 M2B‖T ‖2‖f ‖2. 
By the above lemma
1
M‖T ‖√B 
∥∥S−1Γ ∥∥ 1
m‖T −1‖−1√A.
Now define
Φ := T S−1Γ T ∗ and Ψi := T ∗i Ti, ∀i ∈ I.
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if we define Δi := ΨiΛiΦ , then we have the following result.
Theorem 2.14. With the above notation the family {Δi ∈ L(U,Vi): i ∈ I } is an alternate dual g-frame for {Λi ∈
L(U,Vi): i ∈ I }.
Proof. First we show that {Δi ∈ L(U,Vi): i ∈ I } is a Bessel g-sequence. Let f be an arbitrary element of U . Then
we have∑
i∈I
‖Δif ‖2 
∑
i∈I
‖Ψi‖2‖ΛiΦf ‖2 M4
∑
i∈I
∥∥Λi(Φf )∥∥2 M4B‖Φf ‖2  M4B‖T ‖4
m2‖T −1‖−2A‖f ‖
2.
Hence by the definition of alternate dual g-frames it is sufficient to show that
f =
∑
i∈I
Δ∗i Λif =
∑
i∈I
Λ∗i Δif.
Even it is sufficient to show only the first equality.∑
i∈I
Δ∗i Λif =
∑
i∈I
ΦΛ∗i ΨiΛif =
∑
i∈I
T S−1Γ T
∗Λ∗i T ∗i TiΛif = T S−1Γ
∑
i∈I
T ∗Λ∗i T ∗i TiΛif.
Since SΓ f =∑i∈I T ∗Λ∗i T ∗i TiΛiTf, we have
SΓ T
−1f =
∑
i∈I
T ∗Λ∗i T ∗i TiΛif.
Hence∑
i∈I
Δ∗i Λif = T S−1Γ SΓ T −1f = f. 
Now let T = IdU and Ti = IdVi for each i ∈ I . Then we have Γi = Λi . Hence
Φ = S−1Λ and Ψi = IdVi , ∀i ∈ I.
So Δi = ΛiS−1Λ = Λ˜i . This also shows that the canonical dual g-frame is an alternate dual g-frame as we mentioned
before.
Theorem 2.15. Let {Λi ∈ L(U,Vi): i ∈ I } be an (A,B)-g-frame and let the family {Γi ∈ L(U,Vi): i ∈ I } be a Bessel
g-sequence. Suppose that there exists a number A > λ > 0 such that∥∥(SΓ Λ − SΛ)f ∥∥ λ‖f ‖, ∀f ∈ U.
Then SΓ Λ is invertible and also {Γi ∈ L(U,Vi): i ∈ I } is a g-frame.
Proof. Let f be an arbitrary element of U . Then we have
‖SΓΛf ‖ = ‖SΓΛf − SΛf + SΛf ‖ ‖SΛf ‖ − ‖SΓΛf − SΛf ‖ (A − λ)‖f ‖.
So SΓΛ is bounded below and therefore one-to-one with closed range. On the other hand since
‖SΛΓ − SΛ‖ =
∥∥(SΓΛ − SΛ)∗∥∥ λ,
by the above result SΛΓ is also one-to-one with closed range. Hence both SΓ Λ and SΛΓ are invertible. Now by
Lemma 2.11, {Γi ∈ L(U,Vi): i ∈ I } is a g-frame and we have
(A − λ)2
B
‖f ‖2 
∑
i∈I
‖Γif ‖2. 
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f =
∑
i∈I
Γ ∗i ΛiS
−1
ΓΛf =
∑
i∈I
S−1ΓΛΓ
∗
i Λif
and
f =
∑
i∈I
Λ∗i ΓiS
−1
ΛΓ f =
∑
i∈I
S−1ΛΓ Λ
∗
i Γif.
Let U and W be two Hilbert spaces. We recall that U ⊕W = {(f, g): f ∈ U, g ∈ W }, is a Hilbert space with point-
wise operations and inner product〈
(f, g), (f ′, g′)
〉 := 〈f,f ′〉U + 〈g,g′〉W, ∀f,f ′ ∈ U, ∀g,g′ ∈ W.
Also if Λ ∈ L(U,V ) and Γ ∈ L(W,Y ), then for all f ∈ U,g ∈ W we define
Λ ⊕ Γ ∈ L(U ⊕ W,V ⊕ Y) by (Λ ⊕ Γ )(f,g) := (Λf,Γ g),
where V and Y are Hilbert spaces.
Proposition 2.16. Let {Λi ∈ L(U,Vi): i ∈ I } be an (A,B)-g-frame and let {Γi ∈ L(Y,Wi): i ∈ I } be a (C,D)-g-
frame. Then {Λi ⊕ Γi ∈ L(U ⊕ Y,Vi ⊕ Wi): i ∈ I } is an (min{A,C},max{B,D})-g-frame. Furthermore, if SΛ, SΓ
and SΛ⊕Γ are g-frame operators for {Λi}i∈I , {Γi}i∈I and {Λi ⊕ Γi}i∈I , respectively, then we have
SΛ⊕Γ = SΛ ⊕ SΓ .
Proof. Let (f, g) be an arbitrary element of U ⊕ Y . Then we have∑
i∈I
∥∥(Λi ⊕ Γi)(f, g)∥∥2 =∑
i∈I
〈
(Λi ⊕ Γi)(f, g), (Λi ⊕ Γi)(f, g)
〉
=
∑
i∈I
〈
(Λif,Γig), (Λif,Γig)
〉=∑
i∈I
〈Λif,Λif 〉 + 〈Γig,Γig〉
=
∑
i∈I
‖Λif ‖2 + ‖Γig‖2  B‖f ‖2 + D‖g‖2
max{B,D}(‖f ‖2 + ‖g‖2)= max{B,D}∥∥(f, g)∥∥2.
Similarly we have
min{A,C}∥∥(f, g)∥∥2 ∑
i∈I
∥∥(Λi ⊕ Γi)(f, g)∥∥2.
Furthermore, we have
SΛ⊕Γ (f, g) =
∑
i∈I
(Λi ⊕ Γi)∗(Λi ⊕ Γi)(f, g)
=
∑
i∈I
(
Λ∗i Λif,Γ ∗i Γig
)= (SΛf,SΓ g) = (SΛ ⊕ SΓ )(f, g). 
Theorem 2.17. Let {Λi ∈ L(U,Vi): i ∈ I } be an (A,B)-g-frame. Let {(Vij , αij )}j∈Ji be a (Ci,Di)-fusion frame for
each Vi , which are also (C,D)-bounded. Let Wi = {(Wij , βij )}j∈Ji be an alternate dual (Mi,Ni)-fusion frame for
{(Vij , αij )}j∈Ji for all i ∈ I , which are (M,N)-bounded with invertible frame operators. Then the family{
Δ˜ij = βijπWij S−1ViWi Λ˜i ∈ L(U,Wij ): i ∈ I, j ∈ Ji
}
is an alternate dual ( M
DB
, N
CA
)-g-frame for the g-frame{
Δij = αijπV Λi ∈ L(U,Vij ): i ∈ I, j ∈ Ji
}
.ij
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ij
∥∥βijπWij S−1ViWi Λ˜if ∥∥2 =∑
i∈I
∑
j∈Ji
β2ij
∥∥πWij S−1ViWi Λ˜if ∥∥2

∑
i∈I
Ni
∥∥S−1ViWi Λ˜if ∥∥2 N∑
i∈I
1
Ci
‖Λ˜if ‖2 by (6)
 N
CA
‖f ‖2.
Similarly we have
M
DB
‖f ‖2 
∑
ij
∥∥βijπWij S−1ViWi Λ˜if ∥∥2.
Now for every f ∈ U, we have∑
i∈I
∑
j∈Ji
Δ∗ij Δ˜ij f =
∑
i∈I
∑
j∈Ji
αijβijΛ
∗
i πVij πWij S
−1
ViWi Λ˜if,
∑
i∈I
Λ∗i
∑
j∈Ji
αijβijπVij πWij S
−1
ViWi Λ˜if =
∑
i∈I
Λ∗i Λ˜if = f,
where the third equality holds by(7). Also we have∑
i∈I
∑
j∈Ji
Δ˜∗ijΔij f =
∑
i∈I
∑
j∈Ji
αijβij Λ˜
∗
i
(
S−1ViWi
)∗
πWij πVij Λif
=
∑
i∈I
Λ˜∗i
∑
j∈Ji
αijβij S
−1
WiVi πWij πVij Λif =
∑
i∈I
Λ˜∗i Λif = f,
where the third equality holds by (8). 
We note that the family{
αijβijΛ
∗
i πVij πWij S
−1
ViWi Λ˜i
}
i∈I,j∈Ji
of bounded operators is a resolution of the identity on U .
The following result is a general result for g-frames.
Proposition 2.18. Let {Λ˜i ∈ L(U,Vi): i ∈ I } and {Γ˜ij ∈ L(Vi,Wij ): j ∈ Ji} be alternate dual g-frames for
{Λi ∈ L(U,Vi): i ∈ I } and {Γij ∈ L(Vi,Wij ): j ∈ Ji}, where i is an arbitrary element of I , respectively. Then
{Γ˜ij Λ˜i ∈ L(U,Wij ): i ∈ I, j ∈ Ji} is an alternate dual g-frame for {ΓijΛi ∈ L(U,Wij ): i ∈ I, j ∈ Ji}.
Proof. By Lemma 2.11, {Λ˜i ∈ L(U,Vi): i ∈ I } and each {Γ˜ij ∈ L(Vi,Wij ): j ∈ Ji} is a g-frame. Hence by Theo-
rem 2.2, {ΓijΛi ∈ L(U,Wij ): i ∈ I, j ∈ Ji} and {Γ˜ij Λ˜i ∈ L(U,Wij ): i ∈ I, j ∈ Ji} are g-frames for U . On the other
hand for each f ∈ U we have∑
i∈I
∑
j∈Ji
(Γ˜ij Λ˜i)
∗(ΓijΛi)f =
∑
i∈I
∑
j∈Ji
Λ˜∗i Γ˜ ∗ijΓijΛif =
∑
i∈I
Λ˜∗i
∑
j∈Ji
Γ˜ ∗ijΓij (Λif ) =
∑
i∈I
Λ˜∗i Λif = f.
Similarly we have∑
i∈I
∑
j∈Ji
(ΓijΛi)
∗(Γ˜ij Λ˜i)f = f.
So the family {Λ∗i Γ ∗ij Γ˜ij Λ˜i}i∈I,j∈Ji of bounded operators is a resolution of the identity on U . 
A. Khosravi, K. Musazadeh / J. Math. Anal. Appl. 342 (2008) 1068–1083 1079Corollary 2.19. With the hypothesis of Proposition 2.7 if {Λ˜ij }j∈Ji is an alternate dual g-frame for {Λij }j∈Ji , for all
i ∈ I , then {αiΛ˜ijπVi S−1V }i∈I,j∈Ji is an alternate dual g-frame for {αiΛijπVi }i∈I,j∈Ji , where SV is the fusion frame
operator for V = {(Vi, αi)}i∈I .
Proof. It is easy to see that {αiΛ˜ijπVi S−1V }i∈I,j∈Ji is a g-frame for U . Now let f be an arbitrary element of U . Then
we have∑
i,j
(αiΛijπVi )
∗(αiΛ˜ijπVi S−1V )f =∑
i∈I
α2i πVi
∑
j∈Ji
Λ∗ij Λ˜ij
(
πVi S
−1
V f
)
=
∑
i∈I
α2i πVi
(
πVi S
−1
V f
)= SV(S−1V f )= f.
The rest of the proof is similar. Therefore the family of bounded operators {α2i πViΛ∗ij Λ˜ijπVi S−1V }i∈I,j∈Ji is a resolu-
tion of the identity on U . 
3. Excess of g-frames
In this section we generalize some theorems from ordinary frames and frame of subspaces to the case of g-frames,
specially some results about excess of g-frames.
Definition 3.1. A family of subspaces {Wi}i∈I of U is called minimal, if for each i ∈ I
Wi ∩ spanj∈I,j =i{Wj } = {0}
and is called complete, if spani∈IWi = U . We recall that an arbitrary sequence {fi}i∈I in U is called complete if the
span of {fi}i∈I is dense in U .
The next definition transfers the definition of Riesz decomposition in frame of subspaces to g-frames.
Definition 3.2. Let {Λi ∈ L(U,Vi): i ∈ I } be a g-frame for U . We call {Λ∗i (Vi)}i∈I a Riesz decomposition of U , if
for every f ∈ U there is a unique choice of fi ∈ Vi for each i ∈ I such that
f =
∑
i∈I
Λ∗i fi .
The next result is the analog of Theorem 4.6 in [5].
Theorem 3.3. Let {Λi ∈ L(U,Vi): i ∈ I } be a g-frame for U . Then the following conditions are equivalent.
(1) {Λ∗i (Vi)}i∈I is a Riesz decomposition of U .
(2) The synthesis operator T = TΛ is one-to-one.
(3) The analysis operator T ∗ = T ∗Λ is onto.
Moreover if each Λi is onto then the above conditions are equivalent to the following condition:
(4) {Λ∗i (Vi)}i∈I is minimal.
Proof. Since we have kerT = R(T ∗)⊥ for operators on a Hilbert space, (2) and (3) are equivalent.
Now we prove (1) → (2). Suppose that T ({fi}i∈I ) = 0 for an element {fi}i∈I of (∑i∈I ⊕Vi)2 . Then∑
i∈I
Λ∗i (fi) = 0 =
∑
i∈I
Λ∗i (0).
Hence by (1) we have fi = 0 for all i ∈ I . So T is one-to-one.
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hand if we have
f =
∑
i∈I
Λ∗i fi =
∑
i∈I
Λ∗i gi ,
for two choices {fi}i∈I and {gi}i∈I in (∑i∈I ⊕Vi)2 , then T ({fi − gi}i∈I ) = 0. Hence by (2) we have fi = gi for all
i ∈ I . So (1)–(3) are equivalent.
Now we prove (1) → (4). Let 0 = g ∈ Λ∗i0(Vi0) ∩ spani∈I,i =i0{Vi} for some i0 ∈ I . So there exist fi0 ∈ Vi0 and
fi ∈ Vi for all i ∈ I, i = i0 such that
Λ∗i0fi0 =
∑
i∈I, i =i0
Λ∗i fi .
So ∑
i∈I, i =i0
Λ∗i fi + Λ∗i0(−fi0) = 0.
Hence by (1) g = 0, which is a contradiction.
For (4) → (1) let f ∈ U be an arbitrary element. Then we always have f = ∑i∈I Λ∗i (ΛiS−1f ), where S is the
g-frame operator for {Λi}i∈I . Now suppose
f =
∑
i∈I
Λ∗i fi =
∑
i∈I
Λ∗i gi
for two choices {fi}i∈I and {gi}i∈I in (∑i∈I ⊕Vi)2 , such that for some i0 ∈ I we have fi0 = gi0 . Hence
Λ∗i0(fi0 − gi0) =
∑
i∈I, i =i0
Λ∗i0(gi − fi).
Since Λi0 is onto, Λ∗i0 is one-to-one. Hence
0 = Λ∗i0(fi0 − gi0) ∈ Λ∗i0(Vi0) ∩ spani∈I, i =i0{Vi}.
Therefore {Λ∗i (Vi)}i∈I is not minimal. 
The next proposition is the analog of Lemma 3.4 of [5].
Proposition 3.4. If {Λi ∈ L(U,Vi): i ∈ I } is a g-frame for U , then {Λ∗i (Vi)}i∈I is complete.
Proof. Suppose that there exists f ∈ U such that f ⊥ spani∈I {Λ∗i (Vi)}. Then we have
0 =
〈
f,
∑
i∈I
Λ∗i fi
〉
=
∑
i∈I
〈Λif,fi〉,
for all fi ∈ Vi specially for Λif ∈ Vi . Hence
A‖f ‖2 
∑
i∈I
‖Λif ‖2 = 0,
where A is the lower g-frame bound. Therefore f = 0. 
So the completeness of {Λ∗i (Vi)}i∈I is equivalent to the g-completeness of the family {Λi ∈ L(U,Vi): i ∈ I }.
If we consider orthonormal bases {eij }j∈Ji for each Vi , we can obtain (Theorem 3.1 in [12]) a frame {Λ∗i eij }i∈I,j∈Ji
for U , where {Λi ∈ L(U,Vi): i ∈ I } is a g-frame for U . Hence as in [5] we have the following lemma.
Lemma 3.5. Let {Λi ∈ L(U,Vi): i ∈ I } be a family of operators, and for each i ∈ I let {eij }j∈Ji be an orthonormal
basis for Vi . Then the following conditions are equivalent.
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(2) {Λ∗i eij }i∈I,j∈Ji is complete.
Proof. Let f be an arbitrary element of U . Then it is easy to see that f ⊥ spani∈I {Λ∗i (Vi)} if and only if f ⊥
spani∈I,j∈Ji {Λ∗i eij }. Because〈
f,
∑
i,j
αij
(
Λ∗i eij
)〉=∑
i∈I
∑
j∈Ji
〈Λif,αij eij 〉 =
∑
i∈I
〈
Λif,
∑
j∈Ji
αij eij
〉
for all αij ∈ C. So for all fi ∈ Vi we have〈
f,
∑
i,j
αij
(
Λ∗i eij
)〉=∑
i∈I
〈Λif,fi〉 =
〈
f,
∑
i∈I
Λ∗i fi
〉
. 
If we remove an element from a frame, we obtain either another frame or an incomplete set [7]. The same result
holds for frame of subspaces [5]. Also a similar result with similar proof is true for the case of g-frames.
Proposition 3.6. The removal of an operator Λi0 ∈ L(U,Vi0) from a g-frame {Λi ∈ L(U,Vi): i ∈ I } leaves either a
g-frame {Λi ∈ L(U,Vi): i ∈ I, i = i0} or an incomplete family {Λ∗i (Vi)}i∈I,i =i0 .
Proof. Let {Λi ∈ L(U,Vi): i ∈ I } be a g-frame for U and for each i ∈ I let {eij }j∈Ji be an orthonormal basis for Vi .
By Theorem 3.1 in [12] {Λ∗i eij }i∈I,j∈Ji is a frame for U . Let i0 ∈ I . By Theorem 5.4.7 in [7], {Λ∗i eij }i∈I\{i0},j∈Ji is
either a frame or an incomplete set. If it is a frame, again by Theorem 3.1 in [12], also {Λi ∈ L(U,Vi): i ∈ I, i = i0}
is a g-frame for U . Now suppose that {Λ∗i eij }i∈I\{i0},j∈Ji is an incomplete set. By the above lemma {Λ∗i (Vi)}i∈I,i =i0
is incomplete. 
4. Stability under perturbations
In this section we give new definitions of perturbations of fusion frames and g-frames, with more classes of fusion
frames and g-frames stable under them.
In [6] we have a definition of perturbation as follows:
Let {Wi}i∈I and {W˜i}i∈I be closed subspaces in a Hilbert space U , let {αi}i∈I be positive numbers, and let 0 
λ1, λ2 < 1 and ε > 0. If∥∥(πWi − πW˜i )f ∥∥ λ1‖πWif ‖ + λ2‖πW˜i f ‖ + ε‖f ‖, ∀f ∈ U, i ∈ I,
then we say that {(W˜i, αi)}i∈I is a (λ1, λ2, ε)-perturbation of {(Wi,αi)}i∈I .
Employing this definition, we have seen a result about robustness of fusion frames under small perturbations of the
associated subspaces. But this result is true only for those fusion frames {(Wi,αi)}i∈I with ∑i∈I α2i < ∞. Hence a
large class of fusion frames such as α-uniform fusion frames will not be stable under small perturbations. Now we
define a kind of perturbations as follows, which does not have this problem.
Definition 4.1. Let {Wi}i∈I and {W˜i}i∈I be closed subspaces in a Hilbert space U , let {αi}i∈I be positive numbers,
and let 0 λ1, λ2 < 1. Let {ci}i∈I be an arbitrary sequence of positive numbers such that ∑i∈I c2i < ∞. If∥∥αi(πWi − πW˜i )f ∥∥ λ1‖αiπWif ‖ + λ2‖αiπW˜i f ‖ + ci‖f ‖
for all f ∈ U and i ∈ I , then we say that {(W˜ ,αi)}i∈I is a (λ1, λ2, {ci}i∈I )-perturbation of {(Wi,αi)}i∈I .
We generalize this definition to the case of g-frames.
Definition 4.2. Let {Λi ∈ L(U,Vi): i ∈ I } be a g-frame and let 0 λ1, λ2 < 1. Let {ci}i∈I be an arbitrary sequence
of positive numbers such that
∑
i∈I c2i < ∞. We say that the family {Γi ∈ L(U,Vi): i ∈ I } is a (λ1, λ2, {ci}i∈I )-
perturbation of {Λi ∈ L(U,Vi): i ∈ I } if we have
‖Λif − Γif ‖ λ1‖Λif ‖ + λ2‖Γif ‖ + ci‖f ‖, ∀f ∈ U.
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Proposition 4.3. Let {Λi ∈ L(U,Vi): i ∈ I } be an (A,B)-g-frame for U and let {Γi ∈ L(U,Vi): i ∈ I } be a
(λ1, λ2, {ci}i∈I )-perturbation of it. Suppose that (1−λ1)
√
A > (
∑
i∈I c2i )
1
2
. Then {Γi ∈ L(U,Vi): i ∈ I } is a g-frame
for U with g-frame bounds(
(1 − λ1)
√
A − (∑i∈I c2i ) 12
1 + λ2
)2
and
(
(1 + λ1)
√
B + (∑i∈I c2i ) 12
1 − λ2
)2
.
Proof. Let f be an arbitrary element of U . Then we have
(∑
i∈I
‖Γif ‖2
) 1
2

(∑
i∈I
(‖Λif ‖ + ‖Λif − Γif ‖)2
) 1
2

(∑
i∈I
(‖Λif ‖ + λ1‖Λif ‖ + λ2‖Γif ‖ + ci‖f ‖)2
) 1
2
 (1 + λ1)
(∑
i∈I
‖Λif ‖2
) 1
2 + λ2
(∑
i∈I
‖Γif ‖2
) 1
2 + ‖f ‖
(∑
i∈I
c2i
) 1
2
.
Hence
(1 − λ2)
(∑
i∈I
‖Γif ‖2
) 1
2
 (1 + λ1)
√
B‖f ‖ +
(∑
i∈I
c2i
) 1
2 ‖f ‖.
Finally
∑
i∈I
‖Γif ‖2 
(
(1 + λ1)
√
B + (∑i∈I c2i ) 12
1 − λ2
)2
‖f ‖2.
Now for the lower bound we have(∑
i∈I
‖Γif ‖2
) 1
2

(∑
i∈I
(‖Λif ‖ − ‖Λif − Γif ‖)2
) 1
2

(∑
i∈I
(‖Λif ‖ − λ1‖Λif ‖ − λ2‖Γif ‖ − ci‖f ‖)2
) 1
2
 (1 − λ1)
(∑
i∈I
‖Λif ‖2
) 1
2 − λ2
(∑
i∈I
‖Γif ‖2
) 1
2 −
(∑
i∈I
c2i
) 1
2 ‖f ‖.
Hence
(1 + λ2)
(∑
i∈I
‖Γif ‖2
) 1
2
 (1 − λ1)
√
A‖f ‖ −
(∑
i∈I
c2i
) 1
2 ‖f ‖,
which yields
∑
i∈I
‖Γif ‖2 
(
(1 − λ1)
√
A − (∑i∈I c2i ) 12
1 + λ2
)2
‖f ‖2. 
We note that our perturbation is a special case of [13, Theorem 3.1], where μ = (∑i∈I c2i ) 12 , but our result gives a
specific control for each perturbation.
A. Khosravi, K. Musazadeh / J. Math. Anal. Appl. 342 (2008) 1068–1083 1083Corollary 4.4. Let {(Wi,αi)}i∈I be an (A,B)-fusion frame for U and {(W˜i, αi)}i∈I be a (λ1, λ2, {ci}i∈I )-perturbation
of it. Suppose that (1 − λ1)
√
A > (
∑
i∈I c2i )
1
2
. Then {(W˜i, αi)}i∈I is a fusion frame with fusion frame bounds(
(1 − λ1)
√
A − (∑i∈I c2i ) 12
1 + λ2
)2
and
(
(1 + λ1)
√
B + (∑i∈I c2i ) 12
1 − λ2
)2
.
Proof. Since every fusion frame is a special g-frame, it is true by the previous proposition. 
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